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XVI. On the Arithmetic of Impoffible Quantities. By the
Rev. John Playfair; 4. M. Communicated by the

Rev. Nevil Mafkelyne, D. D. F. R. S. and Afronomer
Royal.

Read Feb. 26, "I VHE paradoxes which have been intro-

1778, . : .
e duced into algebra, and remain un-

known in geometry, point out a very remarkable dif-
ference in the nature of thofe fciences. The propofitions
of geometry have never given rifé to controverfy, nor
-needed the fupport.of metaphyfical difcuflion. In algeQ
‘bra, on the other hand, the do&rine of negative quanti-
ties and its confequences have often perplexed the ana-
lyft, and involved him in the moft intricate difputations.
"The.caufe of this diverfity, in fciences which have the
fame object, muft no doubt be fought for in the different
“modes which they employ to exprefs our ideas. In geo-

metry every magnitude is reprefented by one of the fame

kind; lines are reprefented by a line, and angles by an
angle. The genus is always fignified by the-individual,
and a general idea by one of the particulars which fall
under it. By this means all contradiction is avoided, and

2 the
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On the Arithmetic of impofible Quantities.  31q
the geometer is never permitted to reafon about the rela-
tions of things which do not exift, or cannot be exhi-
bited. In algebra again every magnitude being denoted
by an artificiat{fymbol, to'which it has no refemblance,
is liable, on fome occafions, to be neglected, while the
fymbol may become the fole object of attention. It is
not perhaps obferved where the cenneétion between
them ceafes to exift, and the analyft continues to reafon
about the characters after nothing is left which they can
poflibly exprefs: if then, in the end, the conclufions
which hold only of the characters be transferred to the
quantities themfelves, obfcurity and paradox muft of ne-
ceffity enfue. ‘The truth of thefe obfervations will be
rendered evident by confidering the nature of imaginary
expreflions, and the different ufes to which they have
been applied.

2. Thofe expreflions, as is well known, owe their ori-
gin to a contradi¢tion taking place in that combination
of ideas which they were intended to denote. Thus, if
it be required to divide the given line aB (fig. 1.) = a
in ¢, fo that aAcxcB may be equal to a given fpace 47,
and if ac=x, then x=;a :t‘\/;‘;?;——_b—z; which value of x is
imaginary when 4* is greater than ;4*; now to {fuppofe
that 4 is greater than ;a4 is to fuppofe that the rectangle
AcxcB is greater than the {quare of half the line as,

which
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whichisimpoffible. The fame holds wherever expreffions

of this kind occur. Thus, when it is afferted that unity
—Ity/—3 —i—/3
2 ’ 2

has the three cube roots 1, , O

more is meant than that when the g'erieral equation
x¥—ax’+bx—r=01is, by a change in the data, reduced to
the particular ftate x*— 1=0, x isthen equal to unity only,
and admits not of any other wvalue, as it does in more
general forms of the equation. The natural office of
imaginary expreflions is, therefore, to point out when
the cenditions, from which a general formula is derived,
become inconfiftent with each other; and they cor-
refpond in the algebraic calculus to that part of the geo-
metrical analyfis, which is ufually ftyled the determina-~
tion of problems.

3. This, however, is not the only ufe to which imagi-
nary expreflions have been applied. When combined
according to certain rules, they have been put to denote
real quantities, and though they are in fa& no more than
marks of impoflibility, they have been made the fubjeéts
of arithmetical operations; their ratios, their produds,
and their fums, have been computed, and, what may
feem ftrange, juft conclufions have in that way been de-
duced. Neverthelefs, the name of reafoning cannot be

given to a procefs into which no idea is introduced.
‘ Accordingly
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Accordingly geometry, which has its modes of reafon-
ing that correfpond to every other part of the algebraic
calculus, has nothing fimilar to the method we are now
confidering; for the arithmetic of mere charaters can
have no place in a fcience which is immediately conver-
fant with ideas.

But though geometry rejects this method of inveftiga-
tion, it admits, on many occafions, the conclufions de--
rived from it, and has confirmed them by the moft ri-
gorous demonftration. Here then is-a paradox which:
remains to be explained. If the operations of this imagi-
nary arithmetic are unintelligible, why are they not alfo
ufelefs? Is inveftigation an art {o mechanical, that it may
be conduéted by certain manual operations? or is truth
1o eafily difcovered, that intelligence is not neceflary to
give fuccefs to our refearches? Thefe are difficulties
which it is of fome importance to refclve, and on which
much attention has not hitherto been beftowed. Two
celebrated mathematicians, BERNoULLI'and MACLAURIN,
have indeed touched on this fubject; but being more in-
tent on applying their calculus, than on explaining the
grounds of it, they have only fuggefted a folution of the
difficulty, and one too by no means fatisfaltory. They
alledge’”, that when imaginary expreffions are put to

(a) Op. 1. BERN. tom. I, N° 70, MACLAUR. Flux, art. 699—763. -
denote
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denote real quantities, the imaginary characters involved
in the different terms of fuch expreflions do then com-
penfate or deftroy each other. But befide that, the man-
ner in which this compenfation is made, in expreflions
ever {o little complicated, is extremely obfcure, if it be
confidered that an imaginary charaéter is no.more than
" a mark of impoflibility, fuch a compenfation becomes
altogether unintelligible: for how can we conceive one
impofibility removing or deftroying another? Is not this
to bring impoffibility under the predicament of quantity,
and to make it a fubjeét of arithmetical computation?
And are we not thus brought back to the very difficulty
to be removed? Their éxplanation cannot of confe~
quence be admitted; but, on attempting another, it be-
hoves us to obferve, that a more extenfive application of
this method, than had been made in their time, has now
greatly facilitated the inquiry. We begin then with
| confidering the manner in which the imaginary expref-
fions, fuppofed to denote real quantities, are derived; and
the cafes in which they prove ufeful for the purpofes of
inveftigation.

4. Let 2 be an arch of a circle of which the radius
is unity, and let ¢ be the number which has unity for

its hyperbolic logarithm, then the fine of the arch 4, or
fin,
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N =T —an/ =1
24/ —I

exponential and imaginary values of the fine and cofine
are already well known to geometers; and the inveftiga-

can/~1 4 c—op/—1

fin. a= s andcof. a=———"——.  Thefe

tion of them, according to the received arithmetic of
impoflible quantities, may be as follows.

Let fin. a=3, thena= . 'To bring this fluxion

J 1—z
under fuch a form that its fluent may be found by loga-

rithms, both numerator and denominator are to be mul-
tiplied by v/~ 13 then g =v/— I x —==

=) and (by form.

\/
6.HARM.Men.)a=v/—1 x log. == — z+“/’” —. Hence =, or
x == nd /2 ;::, and becaufe 1 is the log. of ¢,
c—a:‘ ”+‘/Z ! s wherefore, if both parts of the fraéhonal

index of ¢ be multiplied by V-1, c‘“*"'l—“\/z;“
Again, if the arch 4 be confidered as negative, its fine be-

comes alfo negative, and therefore —2=+v'—1 x log.
._z+\/Z >, or, —av/—=-log. mfiﬁ—-, and a/—1=

log. :%—‘-/—z—-— ; whence alfo, ¢ =1 —_Z'L‘/z —

. If from

this equatlon the former be taken away, thele remains

= ¢/—1 — c—/—1, whence dividing by 2+/-1 we

1/-—1
have 2 = fin. 2= W_;:;_:a Y~ By adding together the

VovL. LXVIIL Tt equations
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equations avalue of the cofine may be found in the fame
imaginary terms which were afligned above. Now by
means of thefe expreflions many thcorems may be de-
monftrated; it may, for example, be thewn, that if 2 and
/ are any two arches of a circle, of which the radius is

fin.a+ b fiv, a—b

unity, then fin. axcof. f = —— + —-—. Tor {in. g=

(N 1 e —ap/—1 N =1 4 p=by/—1

—y= and cof, = ———;——, thercfore, fin. @
CATEXN—T — [ TaoxXa—T 4 Ca—bX =1 —— ch—ax/—1

x-cof, &= pv/. =z

finoatb fin. ot

2 + 2 '

5. Now it may be obferved, that the imaginary value:
which has been found for fin. @ was obtained by bring-
ing a fluxion, properly belonging to the circle,under the
form of one belonging to the hyperbola. It may, there-
fore, be worth while to inquire, whether a fimilar ex-
preflion may not be derived from the hyperbola itfelf.

Let gAD be a rectangutar hyperbola (fig. 2.) of which
the center is ¢, and the femi-tranverfe axis Ac=1; let B
be any point in the hyperbela, join Bc, and let BE be an
ordinate to the tranfverfe axis. ‘Then, if the feGor

z

ACB =14, and BE=2, it is known that a:;—;;—.-; ; whence
b4

a =log. 2+V1 +2% and ¢*=2+V1+2% But if the fector
be taken on the other fide of the tranfverfe axis,  and &
become
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become negative, and c—/= ~ 2+Vi+z. Hence z=

G (0, . . .
“="—; in like manner the abfcifs belonging to acs, that

iSCE= 5——%‘::. Thefe values of the ordinates and ab{ciflee

differ in nothing from thofe of the fines and cofines
already found, except in being free from impoffible
quantities ; for it is evident, that the quantity # is related
in the fame manner both to the circular and hyperbolic
fetors. If now ord. ¢ and abf. 4 denote the ordinate
and abfcifs belonging to the fectors ;a, ;4 refpectively,
ord, @ x abf. 4=

ord, a+o  ord. a—b
2 2

6. The conclufions in both the foregoing cafes are
perfedly coincident, and the methods by which they
have been obtained are fimilar; though with this dif-
ference between them, that in the firft all the fteps are
unintelligible, but in the laft fignificant. If then, not-
withftanding a difference which might be expected fo
materially to affe¢t their conclufions, they have been
equally fuccefsful in the difcovery of truth, it can be
afcribed only to the analogy which takes place between
the fubjeéts of inveftigation; an analogy fo clofe, that

ta—c—t b=t b p—a—b o a—b (b,
2 X T2 T 4

every property belonging to the one may, with certain
reftrictions, be transferred to the other. Accordingly,
Tta every
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every imaginary expreffion, which has been found to
belong to the circle in the preceding calculation, is by
the fubflitution of real for impoflible quantities, or of
v/1 for v/—1, converted into a propofition which holds
of the hyperbola. The operations, therefore, performed
with the imaginary charaéters, though deftitute of mean-
ing thémfelves, are yet notes of reference to others which
are fignificant, They point out indireétly a method of
demonftrating a certain property of the hyperbola, and
then leave us to conclude from analogy that the {ame
property belongs alfo to the circle. All that we are
affured of by the imaginary inveftigation is, that its con-
clufion may, with all the ftri¢tnefs of mathematical rea-
foning, be proved of the hyperbola; but if from thence
we would transfer that conclufion to the circle, it muft
be in confequence of the principle which has been juft
now mentioned. The inveftigation, therefore, refolves
itfelf ultimately into an argument from analogy; and,
after the ftri¢teft examination, will be found without any
other claim to the evidence of demonftration. Had the
foregoing propofition been proved of the hyperbola
only, and afterwards concluded to hold of the circle,
merely from the affinity of the curves, its certainty would
have been precifely the fame as when a proof is made

out by the intervention of imaginary fymbols.
4 8. Though
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8. Though it might readily be coucluded, that the
fame principle on which the foregoing inveftigation has
been found to proceed, extends itfelf to all thofe in which
imaginary expreflions are put to denote real quantities,
it may yet be proper to make trial of its application in
fome other inftances.

Let AB, Ac, AD, AE (fig. 3.) be any arches of a circle
in arithmetical progreffion, and let 7 be their number;
it is required to find the fum of the fines Bc, cH, &c. of
thofe arches. Let the radius AF=1, AB=g, and the com-
mon difference of the arches, or Bc=x: the fum of the

feries fin. a+fin. ga+x +fin.a+2x+ .. ... (m)istobe

(N = e /1

found. Now, becaufe fin. a¢= —5 =, and

(AT XA = e a2 X A =1

finn. @ + x = =i » &c.; the feries
. ay/—1
fin, g+ fin. g+ x+finna+2x ... .. (M=o x
x‘/-——l 254/ —1 - W__:_:
1+¢€ +C e s 0 s o (?ﬂ) 2{_1 X

I+ —lqc—2xvV—1 ., ., (m). But thefe feries are
both geometrical progreflions, and the fum of the firft is

a1 J—gmta/—1

. a1 Y m—m2p) =1
24 1 X T—o/=1

and of the fecond, ;>— x T——=v="°
The {um of the propofed feries therefore

B e e JOE S
== X =W T /=1 X IZe/=1 = ay—1
M—x—.;«?mxu—lf.;-:rxvﬁx+¢a4‘m—wxv—: 1 %

B I e A + 2¢/—1
—(lepf et

x
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e gt } rea—ttE X A=} i X (-—-r.a;me —r .
g N =T =1 Y N

iin which expreffion, if the fines be fubftituted for their
tmaginary values, we have
fin, comfin.a + my—fina—x4finatme—x _
23X 11— col, ¥
fin. a+iin. g+ x+fin. @+ 2% « o - . . (m). QE.I
When aB=Bc, or g=x, the propofed feries becomes
finex +fin, 2x+0in. 3% «e o w . (m), and its value =

fin #—fin.gm+ 1-x x4 f0. ma
.

2 X 1—col. .

In like manner it will be found, that the fum of the
cofines of the fame arches, or cof. g+ cof. g+x+col.a+ 2%

_ cof. a—-cpf'.‘a+mx—cgf.a—-;x+co_f. atmx —zx
+ > o . 0 (m)— . 2xl.‘09‘;x -
and when a=x, cof. ¥ + cof. 24 +cof, 3% . . ... (m) =

o ———
cofl. mx—col.m+41 x5
2 X T—col,

9. To folve the fame problem, in the cafe of the hy-~
perbola,we mufl follow the fteps which have been traced
out by thefe iimaginary operations. Let aBE be an
equilateral hyperbola (fig. 4.) of which the center is ¥,
and the traniverfe axis AF=1s let ABF, ACF, ADF, 8c.
be anry fectors in arithmetical progreffion, and let 7 be |
their number; it is required to find the fum of all the
ordinates BG, CH, DK, &c. belangingthofe feCtors. Let
the feCtor A¥B =14, and the feQor Brc, which is the

2 common
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.common difference of the feftors, =;x: then BG, or

—— (AKX

»and cH, orord. @+x=—"—"7—"; by art._

[tt —
ord. g =

5. Therefore the feries of ordinates, that is,

BG+CH+DK+ ... ..(m).:f;-x1+c’f+c?”+ veen (m)~

xr4e T v () P SV Sk S el S
2 s 2 T 1—c 2 I—c*
(a—-w+mx__,:a-x+¢a+mx~x.—c—,—a+¢ -~ x+4 X e Xt X% _
% I— (¥ (=¥ I -

crd. a—ord. g+ mx—ord; a—x ford. g+ mx—ux - )
o s . When g=u,
2 X I—abl, » ’

ord. ¥.+ord. 2x+ord. 3x+ .....(m)=

o
—

N

ord, x~—ord. m+ 1 xx+ ord. mx

2X T —abl. %

In like manner it is proved, that the fum of the-
abfciffze, that is, FG+FH+FK+ « . « . . (1) =

abl g-—abf atmx—abl e—x4abl. afmy—vx
2% I—abl.

; and when g=ux, this.

abfomy —ablmt1xx
“z"l

expreflion becomes v
10. The coincidence of the theorems deduced in the
two laft articles is obvious at firft fight, and if the me-
thods by which they have been obtained be compared,
it will appear, that the imaginary operations. in the one
cafe were of no ufe but as they adumbrated the real de-
monftration, which took place in the other.. This will
be rendered more evident by confidering that the refolu-
tion of the feries of hyperbolic ordinates, into two-others
of.
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of contipual proportionals, can be exhibited geometri-
cally. For, from the points a, B, ¢, and p, let AMm, BN,
co, DP, be drawn at right angles to the affymptote rp;
let 6B produced meet ¥P in Q, and let BR be perpendicu-
lar to the conjugate axis Fr. Then, becaufe the triangles
FRS, EMA, are equiangular, AF : FM :: FS 1 FR; hence FR=
TIxFs=; x FN - NB. For the fame reafon cm=

M« ro—oc,and DK'—'—'?—EX Fp—pp. Therefore, BG+CH+DK
A 2

i

X FN+FQ+EP~— x BN+CO+DE 5 IOW, FN, FO, FE, are
continual proportionals, and fo alfo are BN, ro, rp, be-
caufe the fectors FBc, Fep, are equal.  But in the circle
no fuch refolution of the propofed feries of fines can
take place, that feries being fubje& to alternate increafe
and diminution; on which account-it is, that imaginary
characters enter into the exponential value of the fine,
Thofe charaters are therefore. #o far from compenfating
each other in the prefent cafe, as they ought to do, on the
{uppofitionof BERNOULLIand MACLAURIN, that they ma-
nifeftly ferve as marks of impoffibility. There remains,
of confequence, the affinity between circular arches and
hyperbolic areas, or between the meafures of angles and
of ratios, as the only principle on which the imaginary
inveftigation can proceed. ' It need fcarcely be obferved,
that
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that the exponential value of the hyperbolic ordinate
may be deduced from what has been proved in this
article.

11. But as the arithmetic of impoffible quantities is
no where of greater ufe than in the inveftigation of
fluents, it is of confequence to inquire, whether the pre-
ceding theory extends alfo to that application of it.

Let it then be required to find the fluent of the equa-

tion < -7 = a'y=Q, where  denotes any function whatever

of x. For this purpofe, the following lemma is premifed :
let & be any arch, aud p any flowing quantity; then, if
the fign /, be taken to denote the fluent of the quantity

to which it is prefixed, fin. x /' p cof. x—cof. x /‘j) fin. x=
pin fpc“"V—I = fjw’“"—l; or if fx be a hy=-

2‘/—1 247 = 1

perbolic fector, ord. x f p abf. x — abf. x f p ord, x =

b =T b

Becaufe fin. x ﬁcof. x=

z\"\,'."‘m{"’”kj_‘ - ¢w~/—t+¢-—w‘ —t’
29/ —1 X 2 g

by feparating the terms we have fin. ¥ ﬂ cof, x =
oo/ —1 _ V"" s _WV_I_H‘/—I Sk =1
4‘/——:./}"“/ v ff" 4v—1j;’c

-1

I -x:/‘ ﬁn. X=
B e Af - e N/
v ‘/\PC’” 1+ ﬁc_xv_[ Wt bV —1

dv—1

‘-—)q/—l
VoL. LXVIIL Uu pevr
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4‘—_‘—/’%—? pe—*v—1. Wherefore, by colletting the fum of
all the terms, we have fin. xfﬁcof. x—cof. xfj) fin. x =
ov=1 ff'c“x V—1 _ ::'v:t‘/},;cxv-—t.

2v—1
The demonftration in the cafe of the hyperbola is free
from imaginary expreflions; but, in other refpeéts, is
cxactly fimilar to that which has now been given in the
cafe of the circle.

12. Let the co—efﬁcxent of yin the propofed equation

be firft fuppofed negative, that is, let 5 —ay=q, and if
we multiply by ¢"*%, # bemg a conﬁant but indeter-

minate quantity, it becomes —= —a’c"*y ¥ =™ Qx. Let

e x%‘" - By be afflumed for the fluent, A and B being
indeterminate, and let its fluxion be taken, then,

AC"¥y . .
y + ATy — B YR = C"F QU

— B "y,
Hence, by comparing the terms, we get A=1, #za— B=o0,
nB=a*; therefore, n=%a, and B==%4: for # and B let
the value + ¢ be fubftituted, and for a, its value,

———
Y

unity; and the affumed equation becomesZ —gyx c+*=
ﬁ”"qo&, or é —ay=c—** [ ca*qx. Let this equation be

multiplied by ¢m#%, s being indeterminate as before, and
&y
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emy—qgem*yi=cn—a X 55 [ e2*Q i, The fluent of the firft
member of this equation is evidently of the form p c™%y,
the fluxion of which, viz. v c™*)+Dmc”*y4 being com-
pared with the former gives b=1,and s =-a; wherefore,

c*“y:fc—“*x ¥ QN ory:c“xfc*“*xfcf‘” QX
Let c*Qa=g, and ¢—2“*x=9; then ﬁ—zax'vx‘. ﬂxx Q=

. N 1 h ]
fz-uzzv— v%; butv= — - {uppofing that v and

21 ?

x vanifh at the fame time; therefore vz — f VA=
C*¥QA— 5 [ Qa— —I-fc“"qx+—t- cTAQ N =
cTaY QR — —;—;— ¢’*Q%. Hencey= —fc‘-“"qx -

2a

t-a

2a
firuction of the fluent, becaufe the quantities ﬁ‘“@‘,

¢?*q%. ‘This value of y is fufficient for the con-

and fc?*q#% depend on the quadrature of the hyper-
bola; but if we would introduce into it the ordinates
and abfciffes of that curve, we need only have recourfe
to the foregoing lemma, from which it appears, that
y= 7: ord. aquo& abf. ax— - abf. aquoé ord. ax.
13. Let the co-efficient of y be now fuppofed affirma-

tive, or let -7 2 +a'y=q. In thiscafe imaginary expreflions

are mtroduced into the fluent, and the conftruction by
Uu 2 the
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the hyperbola becomes impoflible. For we have then,
==xgv/—1, from which, by proceeding as above, we get

X — . —ax . .
y=tom om0 etV =t s hence
24y — ay/—

alfo, by the lemma, y=fin. aquo& cof. ax —

cof. ax f QX fin. ax. Here the quantities, f Q¥ cof. ax,
and f Q fin. ax, are affignable by the quadrature of the

circle, in the fame manner as f Q% abf, ax, and

f o ord. ax, by the quadrature of the hyperbola; but

the method of inveftigating them, though an illuftra-
tion of the principles which we have laid down, is too
well known to need to be inferted here. In like
manner might the fluents of innumerable fluxionary
equations, comprehended wunder the general form

a=y+ % + 2 4 Y+ sec.bededuced,and all of them would
tend to prove that the arithmetic of impoffible quanti-
ties is no more than a method of tracing the analogy be-
tween the meafures of ratios and of angles. M. m.
EULER'”and D’ALEMBERT “were the firft to integrate fuch
equations as the preceding, and the method employed
here differs from theirs only by being better adapted ta

illuftrate the principle which is common to them all.

{b) Nov. Com. Petrop, tom, III, (d) Theorie de la Lune.
14. The
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14. The forms in the Harmonic Menfurarum might
alfo be brought to confirm this theory; but, without
accumulating inftances any farther, it may be fufficient
to remark two confequences that follow fromit: 1. That
the only cafes in which imaginary expreflions may be
put to denote real quantities, are thofe in which the mea-
fures of ratios or of angles are concerned. 2. That the
property of either of thofe meafures, fo inveftigated,
might have been inferred from analogy alone. Now
both thefe conclufions are agreeable to experience. It
does not appear, that any inftance has yet occurred where
imaginary charaéters ferve to exprefs real quantities, if
circular arches or hyperbolic areas are not the fubjets of
inveftigation; and if the conclufion obtained may not be
transferred from the one to the other, by a mere fubfti-
tution of correfponding magnitudes; that is, of fines for
ordinates, cofines for ab{ciffes, and circular arches for the
doubles of hyperbolic fe¢tors. The affinity between the
circle and hyperbola is not however {o clofe, but that it
is fubjeét to certain limitations, from confidering which,
the truth of what is here afferted will be rendered more
evident.

1. Any propofition demonftrated of hyperbolic fec-
tors may be transferred to circular arches by fubftitution
alone, without any change in the figns, when only

1 abicifite
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abfciffie and their products enter into the enunciation,
b
and conveifely,  ‘Thus abf. @ x abf, =2F :+b q_abf::—-b.’

f, 76 cof. amb . )
and cof, axcof. &= = :+ + ="+ The fame holds

‘when the fimple; power of the ordinate is combined with
-any power whatever of the. abfcifs : fo in the theorems

d.atb  ord.a—b_ .
of art. 5. and 4. ord.  x: abf. t'.-Qr a_+ & _; ; and
finatd | finaeb
fin. @ x cof. bzm': + m: =,

. When an expreflion. containing any property of
hyperbolic, fe€ors, ihvolves in it the retangle of two or-
dinates, €lie valye of that reCtangle muft have a con-
trary fign, when a ttanfition is made to the circle. Thus.

ord. a x ord. &= :".'6' = “b'fff—’bn; but fin. @ xfin. =

cot_-.'a+b*'5'cor’.’a;-fb‘ P . e
—————+ ———* The difference which according to

this rule is found between, the:powers of ordinates and-
of fines may be feen in.the folowing examples. -If i«
dendte any hyperbolic fe@ot, then; by:involving ——
and again fubftituting for the exponential quantities as
in art.-5. we have,

2. abf, gw—1

ord. x "—-—-—-—-2 -5

ord. x—3 ord..x
ord = ———3————————-4 5

vt f, —
ord. o _ab 45~ 4éabf zx+3"

2 : ord,
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5 ord, g¥—¢ ord. 3x4-100rd. ¥
ord. x = FE=3 208 + '

. s and univerfally,
if # be any number; 2 the .cd-efﬁ?:ient of the fecond
term. of a binomial raifed to the power 7, & the co-
efficient of the third, &c. and p the greateft co-efficient =
when 7 is an even number,

Qrd; x”= abf. nx—gq abf, n—2 x;—g‘ab{' n—4.xx seeeee TP " }; s

but when #.is'an odd number,.

" ord, nx——a ord. n—2 X x+50rd. =g X ¥ e s o0 50 T ord.x |
ord. x = o + =

~If now x denote an arch of a c1rcle, by fubﬂltutmg and

changing the figns as oft as ord. ¥ occurs in any of the
preceding expreflions, we get

% . Je=cof. 2
O———— &

fin. ¥ = —5—;
3
_ 3 fin, y—fin. 3%
fin. x = Y 3
{. f.
fin. x 3 4,co ;x+co 44-’
~5 f — s .
fin.a = 280 r—sTn3eb 5%, 5ng univerfally, if

» be any number, p the greateft co-efficient of a binomial

 raifed to the power 7, a the co-efficient next lefs than g,
B the co-efficient next lefs than a, and fo on: when #
is an even number,

ee—ft — $p—A cof, 2 %48 cof. 4,::—-&c.
fin.x =. B 3

but when # is an odd n‘nmbe::,

el
_ pfin, x—a cof. 38 cof. 5¥— &ec.
fin.x = - pr

Thefe
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Thefe feries differ from the former only i the figns,
and the arrangement of the terms; and when either z,
or p—1, is divifible by 4, the figns remain the {fame in
both.

16. The reafon of the foregoing rule for changing
the figns 134 that the. xeé?cagglé under two ordinates to
the hyperboia is always exprefled by the difference of
two abfciffee: and that if from the abftifs belonging to a
gredter {edtor, be fubtracted the abfcifs belonging to a
lefs, the remainder will be affirmative; whereas, if from
the ooﬁne_ of a greater arch be fubtracted the cofine of a
lefs, the remainder will be pegative. Therefore, that the
rectangles, exprefled by thefe remainders, may have the
fame fign, in both cafes, the figns of the remainders muft
be different.’

It appears then, that the fecond rule, as well as the
firft, is founded on the principle of ‘aﬁétogY*When taken
with the neceflary hnutauens, and it is ikewife evident
from the inftances Whlch have been. Jproduced, that thofe
rules lead to the very fame conclufions which are obe
tained from the imaginary values of the fine and cofine.

There are, however, inftances in which the analogy
‘between the circular and hyperbolic areas being wholly
anterrupted, néither the foregoing niles, nor any of the
fame kind, can be applied; birt this eceations 00 Arhie

guity,
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guity for the conftruction required in fuch cafes is by its
nature reftric¢ted to one of the curves only. Of this kind
is the Cotefian theorem, which requires the whole circle
to be divided into a given number of equal parts, and
therefore cannot be extended to the hyperbola where a
fimilar divifion is impoffible. ~Others of a like nature
may be derived from the general theorems already in-
veftigated; for the circle, by returning into itfelf, often
reduces them to a fimplicity to which there is nothing
analegous in the hyperbola. Many examples of 'this
might be adduced, but the two following may fuffice.
1. Let ABcDE (fig. 5.) be a regular polygon infcribed in
a circle, and let »2 be the number of its fides; it is re-
quired to find the fum of the lines Fa, FB, Fc, &c. drawn
from any point F in the circumference, to all the angles
of the polygon. By the method which in art. 8. was
employed to obtain the fum of the fines of a feries of
arches in arithmetical progreffion, it will be fbund, that

P

the fum of the chords of the arches a, a+x, a+2x,

« « « « (1), that is, (making Fa=a, and AB=x) the fum -
of the chords of the arches Fa, FB, Fc, &c. =

cho. a—cho. a+ mx—cho. a—x-+cho. a+mx—=x

2 X 1—cof. £x ; but, in the pre-

fent cafe, m:x is equal to the circumference, and therefore

~cho. a+mx=+cho.a (the chord of an arch greater than
Vor. LXVIIL X x the
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the circumference being negative); and, for the fame
reafon, cho. a+m x~x=~cho. a— x=+cho. x—a. Hence

cho, a-cho, x—a

the general expreflion becomes —i—wrir— —FA+FB+
FC+ + .+ .. (m). If therefore Gk be drawn from the
center, bife¢ting the chord aB in H, and meeting the
circumference in K, the fum of the chords, that is,

: AF-4FB
FA+FB+FC+FD+FE = T X GK.

2. Let # be an even number, the reft remaining ag
above, and let it be required to find the fum of the #

1] ey

powers of the chords, that is, the fum of FA +FB +FC
++++. (m). By reafoning, as in the cafe of the fines,
it will appear that, if p be the greateft co-efficient of a
binomial raifed to the power #; A the co-efficient next
lefs than p; B the co-efficient next lefs 4. and {o on, then,
mﬂzp—zzx cof. @428 cofl 2442 cof. 3a-+ &c.
mﬁ —=p—2A cof‘.m+2x cof, 2><;-§——.;+2D cof, 3xm &ec,
cmn =p—2Acol. at-x+42B cof, 2Xa+2542D cof. 3Xat 2, &c.
&ec.
Each of thefe vertical columns is to be continued down«
ward, till the number of terms be equal to 7, and there-
fore the fum of the fecond is #2p. The fum of the third,

or of —2axcof. g+cof, g+x+cof. a+2%  « « v.. (m), by

s f- — . 110 X e - U~ v —
art., 8. is — o a x oL a—cof atmr—col u— xtcof. atmx—x -
2X L=—=COol, ¥

(becaufe 2 x=the circumference)
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cof. a——cof, a=—cof. a—ux--cof, G—x .
-Ax ool x =o. Inlike manner do

the fums of all the fubfequent columns vanifh; and

therefore, cho. 2+cho. ga+x+cho.a+2x .....(m)=mp.

n+1 Inta n
2 g 2212

But when # is an even number, p= X T X5

1
N1
—ee 2

,..I°3'5*7""‘°”—l . .
=il xatn, If therefore the radius be put

=7, and the expreflion made homogeneous, we have

[ m—
N ——

— e Bl 1.3.57 oo

FA +FB +FC «vvue. (M) =mx TT{T’“’TIJ x 2inpn,
Q. E. I

This laft coincides with the forty-firft of the curious
and difficult propofitions publithed by Dr. sTEWART,
under the title of general theorems: it is given there
without a demontftration, but appears plainly to have
been inveftigated, in a manner altogether rigorous, by
that profound geometer. It may therefore be regarded
as one of the inftances, in which the conclufions of this
imaginary arithmetic are verified by the geometrical
analyfis.

17. The two foregoing propofitions being confined to
the circle;and yet having been inveftigated by the help of
imaginary expreffions, may, at firft fight, feem excep-
tions to the rule, which we have been endeavouring to
eftablith. But it needs only to be remarked, that they
are particular cafes of certain theorems belonging both

XX2 to
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to the circle and hyperbola, and that it was into the in-
veftigation of thofe theorems, that the imaginary expre(~
fions were introduced.

The conclufions therefore from the whole are thefe:
that imaginary expreflions are never of ufe in inveftiga-
tion but when the fubject is a property common to the mea-
{ures both of ratios and of angles; that they never lead
to any confequence which might not be drawn from the
affinity between thofe meafures; and that they are in-
deed no more than a particular method of tracing that
affinity. The deduétions into which they enter are thus
reduced to an argument from analogy, but the force of
them is not diminithed on that account. The laws to
which this analogy is fubject; the cafes in which it is
perfeé&, in which it fuffers certain alterations, and in
which it is wholly interrupted, are capable, as may be
_eoncluded from the fpecimens above, of being precifely
afcertained. Supported on fo {ure a foundation, the arith-
metic of impoflible quantities will always remain an ufe~
ful inftrument in the difcovery of truth, and may be of
fervice when a more rigid analyfis can hardly be applied.
For this reafon, many refearches concerning it, which in
themfelves might be deemed abfurd, are neverthelefs not
deftitute of utility. M. BERNoULLI has found, for exam-
ple, that if 7 be the radius of a circle, the circumference

X =
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— 4 log. ¥—1 ‘
=t

Confidered as a quadrature of the circle, this imaginary

-3 and the fame may be deduced from art. 4.

theorem is wholly infignificant, and would defervedly
pafs for an abufe of calculation; at the fame time we

learn from it, that if in any equation the quantity
lo

g;/‘_/—_—'? fhould occur, it may be made to difappear, by
the fubftitution of a circular arch, and a property, com-
mon to both the circle and hyperbola, may be obtained.
The fame is to be obferved of the rules which have been
invented for the transformation and reduction of impof-
fible quantities’”: they facilitate the operations of this
imaginary arithmetic, and thereby lead to the knowledge
of the moft beautiful and extenfive analogy which the

dotrine of quantity has yet exhibited.

(e) The rules chiely referred to are thofe for reducing the impoffible roots.
of an equation to the form A4-Ev/—1I.




